Global existence of classical solutions to the relativistic Vlasov-Maxwell system, given sufficiently regular initial data, is a long-standing open problem. The aim of this project is to present in details the results of a paper published in 1986 by Robert Glassey and Walter Strauss. In that paper, a sufficient condition for the global existence of a smooth solution to the relativistic Vlasov-Maxwell system is derived. In the following, the resulting theorem is proved by taking initial data
Introduction and Preliminaries

Introduction
Collisionless Plasma
Definition 1.1. A plasma is one of the four states of matter, which is a completely ionized gas.
For this work, we assume the following. The plasma is:  at high temperature.
 at low density. The plasma is at high temperature implies that N γ − = is the mean distance between the particles. Definition 1.2. We call the distance at which the coulomb field of a charge in the plasma is screened a Debye length denoted by a and is defined by: ( ) 2 interpret this inequality as, the mean distance between particles is small with respect to the Debye length.
Generally speaking, a plasma is collision-less when the effective collision frequency ν ω < -that is the frequency of variation of E, B. In this case collision term. f t ∂ > ∂
The Relativistic Vlasov-Maxwell System
It is a kinetic field model for a collision-less plasma, that is a gas of charged particles which is sufficiently hot and dilute in order to ignore collision effect.
Hence the particles are supposed to interact only through electromagnetic forces.
In this work let us assume that the plasma is composed of n different particles, (i.e., ions, electrons) with the corresponding masses m α and e α . According to statistical physics the set of the particles of this species is denoted by a distribution function ( ) , , 0 f f t x p α α = ≥ which is the probability density to find a particle at a time 0 t > , at a position x with momentum p. Here in the vlasov Maxwell system the motion of the particles is governed by Vlasov's equation;
where v α is the relativistic speed of a particle α , c is the speed of light and E and B are electric and magnetic fields respectively and p is momentum. Here where m α is the mass of the particle α .
From this we can observe that v c α < (hence relativistic system).
The electric field ( ) where ρ and j are the densities of charge and current respectively, and hence they can be computed by: 
A Short Review on the Cauchy Problem for the Vlasov-Maxwell
Equations Now let us provide a short review on the Classical Cauchy problem on the Vlasov Maxwell System. Robert T.Glassey and Walter A. Strauss [1] , under the title, "In singularity formulation in collision-less plasma could occur at high velocity", they showed existence and uniqueness of a global smooth solutions in 1 C by taking initial data 0 0 , E B in . Here our work has many similarities with their work, the only difference is taking 0 0 , E B from 3 C and 0 f is from 2 0 C . In another work Robert T. Glassey and Walter A. Strauss [2] , also showed uniqueness and existence of 1 C solution by taking sufficiently small 2 C initial data. The proof of this result is sketched in the following. Simone Calogero, [3] , investigated global existence for Vlasov-Maxwell equation by modifying the system in which the usual Maxwell systems are replaced by their retarded parts. Sergiu Klainerman and Gigliola Staffilani, [4] showed a new approach to study VM system , that is they showed global existence of unique solution in 3D, under the assumptions of compactly supported particle density by using Fourier transformation of the classical Glassey-Strauss result. 
Preliminaries
Inhomogeneous Wave Equations
Kirchhoff's states that an explicit formula for u in terms of g and h in three dimensions is:
Consider the initial value problem for the non homogeneous wave equation Duhamel's principle asserts that this is a solution of
, u x t explicitly let us consider the case 3 n = . For 3 n = , Kirchhoff's formula implies,
Gronwall's Inequality
In estimating some norm of a solution of a partial differential equation, we are often led to a differential inequality for the norm from which we want to deduce an inequality for the norm itself. Gronwall's inequality allows one to do this.
Roughly speaking, it states that a solution of a differential inequality is bounded by the solution of the corresponding differential equality. 
then using 1.9, and the above bound, we have 
. Hence the fundamental theorem of differential and integral calculus yields: 
Existence and Uniqueness of Global Smooth Solutions for Vlasov Maxwell Equations
In this chapter, we are going to establish the existence and uniqueness of global smooth solutions for the system in 1.5 under a sufficient condition. To derive the sufficient condition, we shall consider the case of only one species of particles, then at the end we extend the result to the case of a plasma composed of many species. Let us set 1, 1, 1 c e m α α = = = and dropping the π factor, the system in 1.5 reduces to:
The term E v B + × can be represented by K .That is
which we call Lorentz force. C solution for all t.
To prove this theorem, we are going to use the concept of representation of the fields and their derivatives. The characteristics equations of the system 1.1 are the solutions of:
Hence the solution of this system is:
, , , , , , , X s t x p P s t x p such that at , s t X x = = and P p = . Therefore
For the next two sections, the reader can consult the material [10] for more details. 
Hence, let us denote this by i T f . That is
Here, i T is the tangential derivative along the surface of a backward characteristic cone. Now let us replace the usual operators t ∂ and i ∂ by i T and S . From 3 1 and , we get,
For relativistic Vlasov Maxwell system, the fields satisfy the inhomogeneous wave equation: 
Hence, substituting 2.5 in to 2.4, we have
By applying Equation (1.8) in chapter one, we have
is the solution of the homogeneous wave equation. From this we can easily see that the second term is
Hence, we can re-write the last integral as:
Now let us integrate the last term using integration by parts in y. Hence, by applying lemma 1.5 in chapter one (integration by parts), this expression reduces to; 
hence the above integral reduces to:
see the computation of this expression at the appendix part of [7] . Hence, 2.8 becomes:
Therefore, substituting 2.10 and
Similarly, by using the inhomogeneous wave equation for the field B, we have ( ) ( )
and following the same step, we have
This proves theorem 2.2 Proof of uniqueness of Theorem 2.1.
To do this, let
be two different Classical solutions of 2.1 with the same Cauchy data given. Define 
. represents the maximum norm.
the characteristics of this equation are the solutions of:
when f is written as a line integral over such a characteristics curve, we have
is bounded , we can write it as:
Now adding 2.13 and 2.14, we have 
Representations of Derivatives of Electric and Magnetic Fields
exists as in the hypothesis of theorem 2.1. Then the derivatives of the fields can be represented as:
In a similar way, we can represent
Proof:
Applying
Now using the fact that j T is a perfect j y derivative, integrating the last integral using integration by parts in y, is equal to:
Here the last expression is part of ( ) term is the j T term, which appears in the first expression, it is:
Simplifying this we get:
since the first term depends only on initial data, hence part of ( )
. Now the second term simplifies as: 
(see an elementary computation of this in the appendix part of [1] ). Hence, this expression is the value of ( ) Now the integrand in the first term simplifies as: 
Now the second integral becomes: We can have the same result for the magnetic field see [1] , in this case the singular term is TT B . This completes the proof of 2.3.
Estimation of the Particle Density
To estimate the particle density take 
, that is f is non-negative and bounded. Now, we claim that ( )
, , 0 f t x p = if x t k > + . From the ODE above, Now let us define the following norms [1] . Advances in Pure Mathematics
A similar definition can be done for the electric field E. Now by applying the norm properties above, the expression in 2.3 can be reduced to
Again by taking
Therefore, again by applying the norm properties above we have,
Bounds on the Electric and Magnetic Fields
We already proved in theorem 2.2 that the fields can be represented as: 
By the support hypothesis, the v-gradient factor is bounded (say by T C ).
Hence, 
Bounds on the Gradient of the Field
Here ω is integrated over the unit sphere 2 S and p is over 3  . We break the ξ integral into two integrals, over [ ]
Hence, for any , 0
Hence, from expressions 2.28 and 2.29, we have:
For the Sf term, let us integrate by parts in p: 
and III satisfy the same bound as II. Now again split j x f ∂ in IV. That is: 
Combining these results, we get:
Now adding 2.30, 2.31 and 2.37, we get:
To get the same result for B, we repeat the same process, (see [7] ), and get: From the representation theorem 2.2, 
and, the expression analogous to 2.21 is; (2.42) and the analogue of 2.26 is;
with constants C depending on T. Now iterating 2.43, we have To show the sequences are Cauchy, let us fix two indices m and n. For j = 0, 1,
In the same way as derivations of 2.13 for , n n E B , we have
And the term analogous to 2.14 is;
( ) ( ) 
The first term goes to zero as , n m → ∞ , from the hypothesis on 0 f . Hence,
we can re-write the expression as:
. In this chapter, we verify this sufficient condition under a smallness assumption on the data, which we will see in the theorem below. 
Characteristics
Here the characteristics are curves defined by the solutions of the equations 3.9 
